The lateral Casimir force between two corrugated metallic plates makes possible a study of the nontrivial interplay of geometry and Casimir effect appearing beyond the regime of validity of the Proximity Force Approximation (PFA). Quantitative evaluations can be obtained by using scattering theory in a perturbative expansion valid when the corrugation amplitudes are smaller than the three other length scales: the mean separation distance L of the plates, the corrugation period λC and the plasma wavelength λP. Within this perturbative expansion, evaluations are obtained for arbitrary relative values of L, λC and λP while limiting cases, some of them already known, are recovered when these values obey some specific orderings. The consequence of these results for comparison with existing experiments is discussed in the end of the paper.
I. INTRODUCTION
The Casimir effect [1] is the dominant interaction between neutral plates separated by distances in the micron or submicron range. The better and better control of this Casimir effect achieved over the last 10 years [2, 3, 4, 5, 6, 7] hence opens new roads for the design of nanoelectromechanical systems (NEMS) [8] .
Casimir initially studied the simplest geometric configuration with two parallel plane plates large enough so that the theoretical analysis is simplified thanks to the lateral translation symmetry [9] . Except for a few cases [7] , experiments are performed between a plane and a sphere [5, 6] , a geometry more easily mastered at distances in the micron or submicron range. Force evaluations in this geometry are commonly obtained by using the so-called proximity-force approximation (PFA) [10] , with the energy simply obtained by averaging the planeplane expression over the distribution of local separation distances met in the plane-sphere geometry. It is commonly agreed that this approximation is valid when the radius R of the sphere is much larger than the closest separation distance L [11] . But a quantitative determination of its accuracy in plane-sphere experiments is still lacking, at least for the problem of experimental interest where electromagnetic fields are reflected on metals, the optical properties of which must be accounted for at the distances met in the experiments. In contrast, results valid beyond the PFA have been reported for theoretical models involving scalar fields reflected on perfect boundary conditions [12, 13, 14] .
At this point, we may stress that the situations which may be treated within the PFA correspond to a trivial interplay between geometry and Casimir effect since the geometry is described by an averaging over the distribution of local distances. In contrast, the general case opens a far richer physics with a variety of stimulating theoretical predictions [15, 16, 17] , so that the exploration of situations beyond reach of the PFA raises great expectations. The idea can already be tackled for the description of the effect of roughness on the Casimir force. This description is commonly given within the PFA [18] valid only when the wavelengths associated with the plate deformation are large enough [19, 20, 21] . As the effect of roughness is only a small correction of the Casimir force, and the characterization of the roughness state of the plates is not very accurate, one can hardly expect quantitative theory-experiment comparisons in this case.
Fortunately, there exists a geometry better suited to the aim of an accurate theory-experiment comparison, namely that with parallel and periodic corrugations imprinted on the metallic surfaces. The Casimir force contains a lateral component besides the usual normal one, since lateral translation symmetry is broken here [22] . The lateral Casimir force is smaller than the normal one, but it has nevertheless already been measured in experiments [23] . It is easily computed within the PFA and has also been calculated beyond the PFA by using more elaborate theoretical methods. The lateral force has first been evaluated for perfect mirrors using a path-integral formulation in a perturbative [24] or non perturbative approach [25] . As expected, the PFA is found to be valid only in the limiting case where the corrugated surfaces are nearly plane for the vacuum fields involved in the calculation of the Casimir energy. When introducing the corrugation wavelength λ C and the mean separation distance L, ones characterizes this limit as λ C ≫ L. Now, the experiments have been performed with distances L around 200nm at which it is essential to take the optical properties of the metals into account [26, 27] . A simple description of these optical properties is given by the plasma model introducing a further length scale, the plasma wavelength λ P , with a typical value of 137nm for Gold plates. A novel theoretical method has recently been presented [28] which allows one to calculate the lateral Casimir force for arbitrary relative values of the three length scales L, λ C and λ P , provided that the corrugation amplitudes a 1 and a 2 are smaller. The approach relies on scattering theory [9] used in a perturbative expansion [21] with respect to the corrugations.
In the present paper, we will first present the complete derivation of the results presented in [28] . We will write the lateral Casimir force at the order ∝ a 1 a 2 for arbitrary relative values of L, λ C and λ P . Limiting cases will be obtained when these values obey some specific orderings. Some of them are already known, in particular the PFA limit and the perfect reflection limit, and the known results are recovered as expected in our calculations.
We will conclude the paper by discussing the consequence of these results for comparison with existing measurements [23] . These measurements were found to agree with the PFA computations, within the margins of experimental uncertainty [23] . As this conclusion differs from that drawn from our results [28] , there may be a potential concern for theory-experiment comparison, and the question will be discussed in detail at the end of this paper. Let us recall that the corrugation amplitudes used in the experiments [23] were smaller, but not much smaller, than the other length scales, so that the theoretical predictions drawn from our perturbative expansion cannot be compared directly with the experimental results [29, 30] . However, we do not expect that the discrepancy demonstrated in the perturbative regime will be compensated by higher order terms in the perturbative expansion. We will present a new result in the end of this paper which can be of relevance for addressing the discrepancy.
II. GENERAL OUTLINE AND ASSUMPTIONS
We first consider two parallel plane mirrors, M1 and M2, with corrugated surfaces (the case of a plane and a sphere with corrugations will be studied later on). The profiles of the mirrors M1 and M2 are defined by two functions h 1 (x, y) and h 2 (x, y) describing the local height with respect to mean planes z 1 = 0 and z 2 = L. The mean planes are defined so that h 1 and h 2 have null spatial averages, L representing the mean distance between the two surfaces; h 1 and h 2 are both counted as positive when they correspond to separation decreases.
We assume that uniaxial sinusoidal corrugations are imprinted on both plates with the same period λ C and along the same direction, but with a spatial mismatch b between the corrugations crests (see Fig. 1 )
λ C is the corrugation wavelength and k C the corresponding wave vector. When a specific model of the optical response of the metallic mirrors will be needed, we will take the plasma model with the dielectric function
ω is the field frequency, ω P the plasma frequency, λ P the plasma wavelength and k P the plasma wavevector. In the following, we will suppose that the corrugation amplitudes are smaller than the other length scales
Within the range of validity of the PFA [19] , the Casimir energy in the presence of corrugations is simply obtained by adding over the mirrors' surfaces the contributions calculated with the local distances L
Here E PP /A is the Casimir energy per unit area calculated for plane and parallel plates, at the local separation distance L(r). Using the condition (3) and expanding (4) up to second order, we find the lowest-order correction to energy due to the presence of corrugations
As the energy corrections proportional to a 2 1 and a 2 2 do not depend on the lateral mismatch b, they do not contribute to the lateral force
In the following, the expression of the force will be extended beyond the regime of validity of the PFA by using the general scattering approach presented in [9] . Performing a perturbative expansion up to the second order in the corrugation amplitudes, we will be able to evaluate the lowest-order energy correction due to the corrugations, proportional as (5) to a 1 a 2 cos(k C b), but with a different coefficient of proportionality in front of this quantity. We will then find a lateral force
with Γ PP a function of the three length scales L, λ C and λ P . The main aim of this paper is to obtain the explicit expression of Γ PP and to discuss various limiting cases. First, we will discuss in some detail the PFA limit, that is the case where (7) can be reduced to (6) . This approximation was used for comparison with experiments in [23] and it has the advantage of being easily extended to higher orders in the corrugation amplitudes. However, as emphasized in [19, 20, 21] for the case of roughness and then in [28] for the case of the lateral force, it can be valid only when the corrugation wavelength is larger than the other length scales (λ C ≫ L, λ P ). A second interesting limit corresponds to perfect reflection of the mirrors. Then, the lateral force can be calculated in the path-integral theory developed in Ref. [24] , and higher order terms may also be calculated [25] . We will prove below that the path-integral theory provides us with an independent test of our formalism since we recover its results in the limit λ P ≪ L, λ C .
A third limiting case studied in the paper corresponds to the case of rugged corrugations λ C ≪ L, λ P . This case corresponds to evaluations far beyond the PFA regime and is particularly interesting as it constitutes a non trivial interplay between geometry and the Casimir effect [16, 17] . It is also of great interest for applications to the configurations with nanometric corrugations. We will derive analytical expressions in this limit and discuss the large deviation from PFA thus obtained.
In the present paper, we will restrict our attention on the specific geometry where the corrugations of the two plates are aligned. The scattering approach also allows one to consider the case where the corrugations are not aligned so that the Casimir energy depends on the angle between the two directions, which results in a torque [31] . The measurement of the Casimir torque with torsion balance techniques could be an alternative manner of testing the nontrivial geometry dependence of the Casimir effect. Other surface profiles than sinusoidal corrugations can also be considered, as long as the amplitudes remain smaller than the other length scales.
III. THE LATERAL CASIMIR FORCE BETWEEN CORRUGATED PLATES
In this section, we derive a general expression for the Casimir energy between corrugated plates up to second order in the corrugation amplitudes. We start from a general expression for the Casimir energy valid in the case of arbitrary nonspecular scattering [9] . This expression contains second-order correction terms proportional to a 2 1 and a 2 2 which were studied in detail in [21] , but do not contribute to the lateral force. Here we focus on the second-order correction terms proportional to a 1 a 2 , which are responsible for the lateral force.
The electromagnetic fields are developed over Fourier components labeled by the two-dimensional wave vector k parallel to the r ≡ (x, y) plane and the polarization p (transverse electric, TE, or transverse magnetic, TM). Their scattering upon the non plane mirrors is then described in terms of non specular reflection operators coupling different wave vectors and polarizations (more details in [21] ). As a consequence of stationarity, scattering preserves the frequency ω. There exist two relevant non specular reflection operators, R 1 and R 2 which describe respectively the intracavity fields reflected by the mirrors M1 and M2 as functions of the intracavity fields impinging these mirrors. The Casimir energy between the two non plane mirrors is then written as an integral over imaginary frequencies
K is a diagonal operator in the basis of plane waves (k, p) with the diagonal elements given by κ = k 2 + ξ 2 . The trace in Eq. (8) is a sum over the plane waves defined as
p . In the simplest configuration with two plane parallel plates, the reflection operator becomes diagonal with the diagonal elements given by the specular reflection coefficients r j;p (k, iξ). We thus recover from (8) the known expression of the Casimir energy between plane parallel plates described by reflection amplitudes [33] 
The area A of plates has been introduced as a substitute for the quantity (2π) 2 δ (2) (0). The case of interest in this paper corresponds to corrugated plates. The reflection operators R j thus contain zeroth-order contributions, denoted R (0) j and corresponding to plane surfaces, and non specular contributions induced by the corrugations
Non specular operators δR j have been expanded in powers of the Fourier transforms H j (k) of the surface profiles h j (r). It is now straightforward to write a perturbative expansion of the Casimir energy (8) in powers of the corrugation amplitudes. The modification of the Casimir energy due to corrugations is read as 
[j+1] e −KL (12) [j +1] denotes a sum modulo 2, and thus substitutes each mirror by the other. The second line has been simplified by noting that d The square terms (first line in Eq.12) reproduce the roughness correction to the normal Casimir force, in full agreement with results reported in [20, 21] . As they do not contribute to the lateral force, we disregard these terms in the sequel of the paper. In contrast, we focus our attention on the cross terms (second line in Eq.12) which generate the lateral force evaluated up to the second order in the corrugation amplitudes. We may incidentally note that the evaluation of the cross term is somewhat simpler than that of square terms, since the former is completely determined by the first-order non specular reflection operators δR (1) j . The matrix elements of these operators are simply proportional to the Fourier components of the surface profiles, with coefficients depending on the optical properties of the mirrors and which will be calculated below for the plasma model.
Assuming that the two mirrors are made of the same medium, we write the cross contribution in (12) as
For uni-axial sinusoidal corrugations (1), this secondorder cross contribution to energy is read as
Since G(k) is negative in (13), the energy is minimized when the crests are facing each other (b = 0 or a multiple of λ C ). Differentiating with respect to the lateral mismatch b, we obtain the expected expression (7) of the lateral force with the function Γ PP defined by
In the next two sections, we check out that the known cases of PFA and perfect reflection are recovered as appropriate limits of our more general scattering expression. We then present more explicit results for the specific case of metallic mirrors.
IV. THE PROXIMITY FORCE APPROXIMATION
The Proximity Force Approximation (PFA) has been written as Eq. (5) above. In the context of our calculations, we expect this expression to be recovered in the limit of very smooth surfaces λ C → ∞, that is precisely in the limit k C L, k C λ P ≪ 1. The question is thus whether or not the response function G satisfies the condition
The fact that this question has a positive answer can be proven in the context of our scattering formalism [21] .
To this purpose, we have to study the specular limit of the non-specular scattering formalism. In this specular limit, the generalized reflection coefficients show the following behavior
This can be checked out on the explicit expressions given below for the plasma model and is also true regardless of the model considered for the mirrors. As a matter of fact, R j;pp ′ (k, k) would give the correction of the Casimir energy for a mean displacement of the mirrors h j (should the latter not be supposed to vanish). Hence it can be deduced from a global translation of the surface by a quantity h j . For real frequencies, this amounts to an additional round-trip phase factor which is finally read as expression (17) when going to imaginary frequencies. From Eq. (13), we now deduce the specular limit of the response function G
This expression turns out to fit condition (16) when using the expression (9) of the Casimir energy E PP evaluated between plane plates. The property (16) can be properly named as the "Proximity Force Theorem" with a simplified expression indeed obtained in the secular limit of the more general non specular scattering theory. It holds in situations where specular scattering is sufficient to calculate the Casimir energy, that is also when the surfaces are approximately flat over distances of the order of L, since the main contributions to the Casimir effect come from wavelengths of the order of L.
At this point, we want to emphasize that this discussion does by no means imply that the limit (16) can be used as an approximation for arbitrary values of k C . In particular, the lateral force computed within the PFA grows linearly with the corrugation wavelength k C whereas the scattering theory leads to a different behavior, eventually decreasing exponentially for large values of k C . In order to discuss deviation from PFA in an as clear as possible manner, we introduce the ratio between the force calculated in the scattering and PFA theories, in both cases at the lowest order ∝ a 1 a 2 ,
As a consequence of the discussions of the present section, this ratio goes to unity in the PFA limit
The variation of this ratio ρ for k C = 0, analyzed in the foregoing sections, measures the inaccuracy of the PFA.
V. THE LIMIT OF PERFECT REFLECTION AND THE PLASMA MODEL
From now on, we take the plasma model (2) to describe metallic mirrors. The ideal case of perfect reflection is expected to be reproduced at the limit of very small plasma wavelength λ P ≪ L, λ C . We first recall the results already known for ideal perfect reflectors and which only depend on the parameters L and λ C . We then apply the general formalism derived above to the plasma model and prove that the ideal case of perfect reflection is indeed reproduced when λ P is small enough.
The effect of geometry on the Casimir effect between perfectly reflecting mirrors has been studied by various theoretical approaches (see [16, 17] for a review and [34, 35] for recent results). The case of parallel plates with uni-axial corrugations has been studied in the perturbative second-order approximation [24] as well as in the nonperturbative case [25] . We restrict our attention here to the perturbative approximation, the results of which are reproduced exactly by our scattering formalism when the non specular reflection amplitudes known for perfect reflectors (see the Appendix C of Ref. [21] ) are plugged into the expression (13) of the response function G(k C ).
According to the general method discussed in the preceding section, we present the results in terms of the ratio (19) . Changing the integration variables to γ = κL and γ ′ = κ ′ L, we obtain the following expression
The functional dependence of ρ is very simple since it depends only on the dimensionless variable k C L = 2πL/λ C which quantifies the smoothness of the surfaces on the scale determined by L. The PFA result ρ ≃ 1 is recovered at the limit of small wavevectors k C → 0 (as predicted more generally by Eq. 20). In the opposite limit of large values for k C L, a completely different behavior is obtained with an exponential decrease
This expression is in full agreement with the results obtained in [24] and this is also the case for the numerical evaluation of (21) represented on Fig. 2 . We note that the PFA result is reproduced with some accuracy only for very small values of the dimensionless variable k C L.
FIG. 2: Variation of ρ versus the dimensionless variable kCL
for the ideal case of perfect reflection.
We now turn to the study of metallic mirrors described by the plasma model where there is a third length scale, the plasma wavelength λ P . We recall the expressions of the specular Fresnel reflection amplitudes
κ t denotes the imaginary part of the z component of the wavevector inside the metallic medium. We also introduce the following shorthand notations
We then use the nonspecular first-order reflection coefficients R
(1) [21] with the help of the perturbation approach of [36] , based on the extinction theorem and the Rayleigh hypothesis [37, 38, 39] . When inserted into Eq. (13), these expressions lead to
The dependence on ξ has been omitted, C = k · k ′ /(kk ′ ) and S = √ 1 − C 2 represent the cosine and sine of the angle between the transverse vectors k and k ′ . A number of interesting properties can be checked out analytically on the expression obtained by plugging (25) into (13) . In particular, the PFA and perfectly-reflecting limits can again be recovered from this expression, by taking respectively k C ≪ k P , 1/L and k P ≫ k C , 1/L. We chose here to illustrate the same properties by discussing numerically integrated results. We plot ρ as a function of k C L, with fixed values of the second dimensionless quantity k P L. The values chosen for Fig. 3 (k P L = 1, 2.5, 5 and 10) correspond respectively to L = 21.8, 54.5, 109, 218 nm when taking λ P = 137 nm, which corresponds to gold-covered plates [41] . In all cases, ρ is smaller than unity and decreases when k C increases. As already seen for perfect mirrors, the accuracy of the PFA is poorer and poorer for shorter corrugation wavelengths. At large values of k P L, the curve obtained for the plasma model tends towards the curve calculated for perfect mirrors, as expected (compare the solid curve on Fig. 3 with that on Fig. 2) . Otherwise, the result obtained for the plasma model differs from that for perfect mirrors. Let us give a few numbers here, with parameters L = 220 nm, λ C = 1.2 µm and λ P = 137 nm chosen to be close to the experimental figures of [23] . As stated in the preceding paragraph, this corresponds to a large value k P L = 2πL/λ P ≃ 10, so that the value of ρ calculated for the plasma model approaches that obtained for perfect mirrors. The precise values are ρ = 0.814 for the plasma model and ρ = 0.819 for perfect mirrors. The important point to be noticed here is that, contrarily to some claims [29] , these values lie far from the PFA expectation (which is simply ρ = 1). The discrepancy is larger in the experiment which employs a plane-sphere setup, as discussed in more detail below.
To make this point completely clear, it is true that, for perfect mirrors, ρ is determined exclusively by the quantity k C L (see discussions above). This is still approximately true for the plasma model as soon as the second dimensional quantity k P L is large. Nevertheless, this property cannot be considered as universal since the function Γ PP is generally a function of the three variables L, k C and k P , and the dimensionless function ρ a function of the two dimensionless variables k C L and k P L. To give an example, L = 55 nm and λ C = 300 nm lead to the same value of k C L as in the preceding paragraph. The values ρ = 0.838 found for the plasma model thus significantly differs from ρ = 0.819 for perfect mirrors. Even more striking illustrations of the dependence of ρ on k P L will be given in the next section where we discuss the regime far beyond the PFA.
VI. RUGGED CORRUGATION LIMIT
We now consider the limit of short corrugation wavelengths λ C ≪ L, λ P which, as already noticed, corresponds to a non trivial interplay between geometry and the Casimir effect [16, 17] while being of great interest for the problem of nanostructured surfaces.
We have seen that ρ decreases exponentially with k C L ≫ 1, a property which can be given a simple explanation [21, 40] . The cross contribution to corrugation energy (13) , evaluated at the lowest order, originates from intracavity propagation loops containing one non-specular reflection at each mirror. The first nonspecular reflection changes the field momentum from k ′ to k, whereas the second changes the momentum back to its initial value (see Eq. 25). The exponential factors exp(−κL) and exp(−κ ′ L) associated with intracavity propagation (for imaginary frequencies) thus lead to the following behavior in the rugged corrugation limit
β is independent of k C L while remaining a function of k P L. Equation (26) 
In other words, the perfectly-reflecting model grossly overestimates the lateral Casimir force obtained in the limit of rugged corrugations. Note that this occurs for a large separation distance L though the latter condition is often carelessly associated with perfect reflection. This is a serious limitation of the model of perfect reflection which, as already emphasized, can only be trusted when λ P is much smaller than λ C and L.
To propose a better visualization of this feature, we plot on Fig. 4 the quantity α ≡ ρ exp(k C L) for a large distance L = 1 µm (k P L = 46 with λ P =137nm), as a function of k C L. The result shown as the solid curve differs almost everywhere from the result obtained for
4 , shown as the dashed line. As k C L increases past k P L, α stays below the result for perfect reflectors.
The exponential fall-off of ρ at large k C L has to be contrasted with the linear increase obtained in previous papers for the similar function associated with roughness [21] . Such a linear growth was resulting from the contribution of second-order non specular reflections which do not contribute to the lateral force. It follows that, whereas the PFA was underestimating the roughness correction, it overestimates the lateral Casimir force.
VII. COMPARISON WITH EXPERIMENTS: THE PLANE-SPHERE CASE
We now consider the lateral Casimir force in the planesphere (PS) configuration, which corresponds to the experiments [23] . We derive the PS result from the planeplane (PP) one by using the PFA for treating the sphere curvature effect. The validity conditions required here are much more easily met than those needed for the corrugation effect. Indeed, experiments use spheres with radius R of hundreds of microns, of the order of thousand times larger than the distance L. The condition RL ≫ λ 2 C is also needed in order to treat curvature and corrugation effects without taking any complicated interdependence into account, and it is met with the experimental figures [23] .
We then use the PFA to deal with the sphere curvature effect, while accounting for deviations from the PFA for the corrugation effect. We obtain the cross energy correction δE cross PS in the PS case from the one δE cross PP calculated for the PP case by integrating over the distribution of distances generated by the sphere curvature
b is the lateral mismatch of the parallel corrugations on the two plates and L the distance of closest approach. When differentiating with respect to b, one obtains the lateral Casimir force in the PS configuration as
This is then read exactly as expression (7), with a function Γ PS now written as (using Eq.15)
Should the PFA be applied to the corrugation effect at all distances
The accuracy of this approximation is well represented by the following ratio, defined by analogy with (19) ,
It is an immediate consequence of this expression that the PFA accuracy will be worse in the PS configuration than in the PP one (for the same L) since it is determined by the PP case with distances L ′ larger than L. In order to stay closer to the experimental figures, we have chosen here to illustrate these results by plotting on Fig. 5 Γ PS as a function of k C L. The parameters L = 220nm and λ P =137nm are chosen to fit numbers of [23] . The solid line representing the result of scattering theory has to be compared with the dotted line associated with the PFA. The experimental corrugation wavelength k C ≃ 5.2 µm −1 is indicated by the vertical dashed line. It is clear that the value thus attained by k C L =1.14 is large enough to produce a significant inaccuracy of the PFA. The precise numbers for this value are Γ PS = 421 pN/µm 2 and Γ PFA PS = 585 pN/µm 2 respectively for scattering theory and PFA. In other words, the scattering theory result is smaller by a factor ρ PS ≃ 72% than the PFA result with the same choice of parameters. As expected, the inaccuracy of the PFA is significantly worse than it was in the PP case where ρ = 81% was found (with the same choice of parameters).
Let us now discuss Fig. 5 in a more general manner. As previously, the PFA result (31) grows linearly with k C and this is also true for the scattering theory result at small k C L. When k C L increases, the scattering theory result begins to deviate from PFA and eventually decays exponentially at large values of k C L. Γ PS thus shows a peak value, found to lie at k C L = 2.08 (that is λ C = 665 nm when L = 220 nm). For the PP setup, the peak position was found at k C L = 2.6 and the difference can again be explained from the fact that the PS force is an average of the PP result over L ′ > L. We have also plotted on Fig. 6 Γ PS as a function of L with λ C = 1.2 µm and λ P = 137 nm fixed at their experimental values. The lateral Casimir force is found to decrease with the distance L. The scattering theory result (solid line) corresponds to an exponential fall-off for L > λ C whereas the PFA result (dot-dashed line) decays only as a power law, L −3 in the plasmon regime (L ≪ λ P , dotted line) and L −4 in the perfectly-reflecting regime (L ≫ λ P , dashed line). The scattering theory and PFA results agree at short separation distances L ≪ λ C . For very short distances L ≪ λ P < λ C furthermore, the force can be deduced from the plasmon approximation [42, 43] . The crossover between the L −3 behavior in this range and the exponential decay at long distances occurs in the region around a few hundred nanometers, which is magnified in the inset of Fig. 6 . Note that this is also the range tested experimentally, which we will discuss now. We come now to a discussion of the number ρ PS ≃ 72%, which measures the inaccuracy of PFA, and points at a potential concern for the theory-experiment comparison. We recall that the experiments were performed with corrugation amplitudes smaller, but not much smaller than the other length scales ( [23] report a 1 = 59 nm, a 2 = 8 nm, to be compared to λ P = 137 nm, L = 220 nm, λ C = 1.2 µm). As already discussed in [28] , this point made a direct comparison between experiments and our perturbative scattering theory impossible, and thus pushed us to try to discard the higher orders contribu-tion to the PFA calculation of [23] in order to perform an indirect comparison. As higher order corrections have not yet been estimated within scattering theory, we will not pursue this line of reasoning further.
Here we want to emphasize the comparison between results obtained within PFA and beyond PFA for the figures of experimental interest. When restricting the attention to calculations up to the second order, this comparison is precisely characterized by the number ρ PS ≃ 72% calculated for the parameters favored in [29] . In our opinion, this discrepancy (∼ 28%) does not lie so far from the margins of experimental uncertainty (0.32±0.077pN in [29] ), which correspond to a relative accuracy of ±24%. In contrast to this opinion, the concern was made more acute by a Comment [29] which fabricated a larger discrepancy by comparing two numbers which are not to be compared (and which we did not compare), namely the perturbative result beyond the PFA and the non perturbative result within the PFA. We have already explained our point of view in a Reply [30] , and now present new discussions of the issue in the sequel of the section.
An interesting way of addressing the issue is suggested by a close scrutiny of Fig. 6 . If we fit the result of scattering theory to a power law within the interval of experimental interest, we obtain a law ∝ L −4.1 in agreement with experiment [23] . This coincidence is also apparent in the fact that the scattering theory curve is roughly parallel in this distance interval to the law obtained by combining PFA and the model of perfect reflection (see the inset of Fig. 6 ). This suggests that the difference between these two curves can be confused with a poor determination of the absolute value of the distance L between the mirrors. As far as theory is concerned, L is precisely defined as the mean separation distance between the corrugated surfaces, such that the corrugation profiles have zero mean values (see Fig. 1 ). Precise measurements of variations of L were reported in [23] , but the absolute determination of its value was by far more difficult, in a geometrical configuration where not so small corrugations are facing each other on plane and spherical surfaces.
In order to test the idea that the difference between scattering theory and PFA could be confused with an offset in the determination of the absolute distance L, we plot on Fig. 7 three curves in the range from 220 to 260 nm. The solid and dotted lines represent the scattering theory and PFA results calculated with the value of L supposed to be ideally determined; the third, dasheddotted, line describes the scattering theory result with an offset of 20 nm for the distance L. The important point is that the scattering theory with an offset can easily be confused with the PFA without it. More precisely, the difference between the two curves is certainly within the margins of experimental uncertainty, the magnitude of which is of the order of the initial difference between the scattering theory and PFA results.
This means that the difference between scattering theory and PFA can have been confused with an offset of 20 nm in the distance measurement. Note that this value is well below the larger corrugation amplitude (59 nm) in the experiment. It is therefore consistent with the already discussed experimental difficulty for localizing the position of the abstract reference planes at a scale smaller than the corrugation amplitudes. Note also that, if the absolute determination of the distance has been helped by a global fit of the experimental results to the theory, the offset should have been automatically produced by the fitting procedure.
VIII. CONCLUSION
We have studied the lateral Casimir force arising between two corrugated metallic plates, by using scattering theory in a perturbative expansion valid when the corrugation amplitudes are smaller than the three other length scales L, λ C and λ P . We have shown that the Proximity Force Approximation (PFA) is recovered at the limit of smooth plates λ C ≫ L, λ P but we have also obtained an expression for the lateral force in the opposite limit of rugged corrugations λ C ≪ L, λ P . We have reproduced the results known for perfect mirrors when λ P ≪ λ C , L but have also given expressions valid when this is not the case.
We have discussed the comparison of theoretical results with experimental measurements of the lateral force and concluded that more work was needed to settle the issue. Progress on this question could be achieved by calculating higher order corrections for metallic mirrors beyond the PFA. These corrections would affect the numbers, but they can hardly be expected to compensate exactly the deviation from PFA demonstrated in the perturbative theory.
Progress could alternatively come from further experiments. It would be very useful to have experiments in the perturbative regime, corresponding to very small corrugation amplitudes attaining the domain of validity of the perturbative theory. Other relevant improvements would be to increase the experimental accuracy, in order to be able to distinguish more easily between alternative theories, and if possible to measure the absolute distance in a more reliable manner, in order to get rid of the offset confusion. Of course, this program raises serious experimental challenges, given the minuteness of the lateral force effect. But the reward would be remarkable with a potential experimental access to a configuration where arises a nontrivial interplay between geometry and quantum vacuum, that is beyond the PFA.
